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Abstract. We prove that the relative Auslander algebra of a CM-finite algebra is CM- 
free. Thus, the category of the Gorenstein-projective modules over a CM-finite algebra 
turns out to be the category of the projective modules over a CM-free algebra. We also 
prove that the Gorenstein defect category of a CM-finite algebra is triangle-equivalent to 
the singularity category of its relative Auslander algebra. Thus, the Gorenstein defect 
category of a CM-finite algebra is uniquely determined by the category of its Gorenstein- 
projective modules. 
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1. Introduction 

1.1. Denote by A- mod the category of finitely generated left modules over Artin algebra 
A, by ■P(A) the full subcategory of A-mod of the projective A-modules, and by OV{A) the 
full subcategory of A-mod of the Gorenstein-projective A-modules (see 2.1 below for the 
definition). Then Q'P{A) is a Frobenius category with relative projective-injective objects 
being projective A-modules (cf. [AB], [AR], [EJ], [B2]), and hence the stable category 
gV{A) of gV{A) modulo V{A) is a triangulated category ([HI]). 

It is clear that P(A) C gV{A). If gV{A) = V{A), then A is said to be CM-free (cf. 
[C2]). Clearly, algebras of finite global dimension are CM-free ([EJ, Proposition 10.2.3]). 
If A has only finitely many isoclasses of indecomposable Gorenstein-projective modules, 
then A is said to be CM-finite (cf. [B2]). In this case, let Ei, - ■ ■ , En be all the pairwise 
non-isomorphic indecomposable Gorenstein-projective modules, and put E = ^ Ei. 

l<i<n 

We call (End\E)°P the relative Auslander algebra of A, and denote it by Aus(A). CM- 
finite and CM-free algebras have been recently studied by various authors ([B2-3], [BR], 
[Cl-2], [CY], [GZ], [LZl-2], [R] etc.). In particular, CM finiteness could characterize the 
simple hypersurface singularity ([BGS], [CPST], [K]). 

For a CM-finite algebra A, as a consequence of [LZl, Main Theorem] we know that A 
is Gorenstein (i.e., p.d.^A < oo and p.d.AA < oo) if and only if gl.dimAus(A) < oo (see 
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also [B3, Corollary 6.8(v)]). In particular, if A is a CM-finite Gorenstein algebra, then 
Aus(A) is CM-free. In general we also have 

Theorem 1.1. Let A be a CM-finite algebra. Then Aus(A) is CM-free. 

Since HomA(-E', — ) : Q'P{A) — > 'P(Aus(A)) is an equivalence. Theorem 1 1 . 1 1 means that 
the category of the Gorenstein-projective modules over a CM-finite algebra is equivalent 
to the category of the projective modules over a CM-free algebra. 

Put S7 to be the set of CM-finite algebras, and the set of CM-free algebras. Then 
Theorem 11.11 implies that there is a surjective map Aus : — > Q, up to Morita equiv- 
alence; moreover, the map Aus sends CM-finite Gorenstein algebras to algebras of finite 
global dimension, and sends CM-finite non-Gorenstein algebras to CM-free non-Gorenstein 
algebras (note that there does not exist a CM-free Gorenstein algebra of infinite global 
dimension). Graphically, we have 




1.2. Let D^{A) be the bounded derived category of A-mod, and K''{V{A)) the bounded 
homotopy category of 'P(A). The Verdier quotient {A) / {V {A)) is called the singular- 
ity category of A and denoted by Z?^g(A). Then ^'^^(A) = if and only if gl.dim A < oo. 
Buchweitz's Theorem ([Buch], Theorem 4.4.1; see also [H2], Theorem 4.6) says that there 
IS an exact embedding F : QV{A) ^ Dlg{A) given by F{G) = G, where the second G is 
the corresponding stalk complex at degree 0; and that if A is Gorenstein, then F is an 
equivalence. The converse is also true, i.e., F is an equivalence implies that A is Gorenstein 
(Theorem 6.9(8) in [Bl], [BJO], [Zhu]). In general, to measure the difference of QV{A) 
and D\g{A), one defines the Gorenstein defect category F)\^^^^^{A) := Z)gg(A)/ImF (see 
[BJO]). Then I)dcfcct(^) = if and only if A is Gorenstein. 

Our second main result is as follows. 

Theorem 1.2. Let A be a CM-finite algebra. Then there is a triangle- equivalence 

Difc,,(A)-Z),^„(AUS(A)). 
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Together with Theorem 11.11 we know that the Gorenstein defect category of a CM- 
finite algebra can be reahzed as the singularity category of a CM-free algebra. As a 
consequence, two CM-finite algebras A and A' with an equivalence QV{A) = QV{A') as 
additive categories have the same Gorenstein defect category, i.e., the Gorenstein defect 
category of a CM-finite algebra is uniquely determined by the category of its Gorenstein- 
projective modules. 

1.3. The paper is organized as follows. In Section 2 we give a result which is needed 
in the proof of Theorem II. 1[ This is a slight generalization of the corresponding result in 
[Huang], which answers affirmatively a question in [SWSW]. Section 3 is devoted to the 
proof of Theorem II. It and Section 4 is devoted to the proof of Theorem 11.21 

2. Gorenstein categories 

Throughout the section A is an abelian category, and C is a full subcategory of A which 
is closed under direct sums. For a complex X* over A, by Hom(C,X*) is acyclic we mean 
that Hom(C, X*) is acyclic for each C S C. Similarly for Hom(X*,C) being acyclic. 

2.1. In |SWSWj the following full subcategory 0{C) of A is introduced. By definition, an 
object L of Q{C) is isomorphic to ImdP, where X' = {X*,d*) is an acyclic complex with 
X* € C for all i € Z, such that both Hom(C, X*) and Hom(X*, C) are acyclic. In this case 
X' is called a complete C-resolution of L. Clearly C C Q{C). 

If A is an Artin algebra, A = A-mod, and C = V{A), then denote g{V{A)) by C/P(A). 
Call an object in 0'P{A) a Gorenstein-projective A-niodule, and a complete 'P(A)-resolution 
a complete A-projective resolution (cf. [AB], [AR], [EJ]). 

S. Sather-Wagstaff, T. Sharif and D. White proved ([SWSW, 4.10]) that if C is self- 
orthogonal, then = g^c), where g^{C) = ^(^(C)). They also asked ([SWSW, 
5.8]) whether G'^{C) = G{C) holds for an arbitrary C? Recently Z. Y. Huang ([Huang, 
Theorem 4.1]) answered this question affirmatively. The following is a slight generalization 
of Huang's result (by using different method from the one in [Huang]). 

Theorem 2.1. Let X* = {X* ,d*) he an acyclic complex with X^ G Q{C) for all i e Z. If 
both Hom(C,X*) and Hom(X*,C) are acyclic, then Imd* € Q{C) for all i € Z. 



2.2. By diagram chasing one can easily verify the following fact. We omit the details. 
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Lemma 2.2. Suppose there is a commutative diagram in A with exact rows 6 and rj: 



6 : 



7] : 




Denote by A the corresponding short exact sequence 
Y' — > 0. For any A £ A we have 



(i) Hom(A, 5) is exact if and only if both Hom(A, rj) and Hom(A, A) are exact. 

(ii) Hom(5, A) is exact if and only if both Hom(r/, A) and Hom(A, A) are exact. 



We also need the following technical lemma. 

Lemma 2.3. Let 6 : — > Xi U X2 — > be an exact sequence with U G G{C) 
such that both Hom(C, 5) and Hom((5, C) are exact. Let rj : — > Xi -—^ Y — % V — > 
be another exact sequence with V G G^C) such that Hom(r/, C) is exact. Then we have the 
following commutative diagram 



6 : 



5' : 







/ 9 
Xi U — ^ X2 



Y 



C 







such that 

(i) 5' is exact with C (zC, and both Horn (C, 5') and Hom((5',C) are exact; 

(a) u' is a monomorphism with Cokertx' G G{C), and Hom(u',C) is surjective. 

Proof. Step 1. Since by assumption U,V € Q{C), by definition there exists two exact 
sequences ei : — > U Ci Li — > and 62 : — > V C2 -—)• L2 — > with 
Ci,C2 € C,Li,L2 € Q{C), such that Hom(C,ei), Hom(ei,C), Hom(C,e2) and Hom(e2,C) 
are exact. Since by assumption Hom(r7, Ci) is exact, by considering af G Hom(Xi, Ci) we 
see that there exists morphisms e and e' such that the following diagram commutates: 















0. 
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Put a = : y ^ Ci ffiCs, « = (S) : [/ ^ Ci ©C72, vr = (go) : Ci eC2 ^ 

Li © C2, X = ( <^^' ) : y — )■ Li © C2. Then there exist morphisms /3, u', v' , y such that the 
following diagram commutes: 



S : 



^ X, 



U 




I 
I 

Y 
Xo 



5' 



Y Ci © C2 



Y 

z - 
I 



(*) 



V Li © C2 



L 







where Z = Cokera and L = Cokerx. Note that x is monomorphism since c is so. Also, 
the middle column H is exact since ei is exact. Applying Snake Lemma to the left two 
columns we know that a is monomorphism and that the right column rj' is exact. In 
particular, u' is a monomorphism. 

We will prove that the upper two rows of (*) is what we need. 

Step 2. Write y = {m, -i). Observe that A is exact means that there is the following 
commutative diagram with exact rows (note that L is the push-out of e' and c): 

€2 : V C2 L2 



e' 


I 







C : ^ Li — ^ L — ^ L2 ^ 



Since both Hom(C, £2) and Hom(e2, C) are exact, it follows from Lemma [2.2l that Hom(C, 
Hom(C,C), Hom(C, A) and Hom(A,C) are all exact. 

Since Li,L2 G GiC), and both Hom(C,C) and Hom(^,C) are exact, it follows from 
Proposition 4.4 of |SWSW| that L € g{C), thus Cokern' = L G g{C). 
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Step 3. V C G C, applying Hom(C, — ) to the right two columns of (*), we get the 
following commutative diagram with exact rows 



Iiom{C, U) — 

Hom(C,g) 

Hom(C,X2) — 



Hom(C,Ci eCa) 

Hom{C,/3; 

Hom(C, Z) — 



Hom(C,Li eCa) 

Hom(C,y) 

Hom(C, L). 







(Note that Hom(C, vr) is surjective since Hom(C, ei) is exact.) Also Hom(C, y) and 
Hom(C, g) are surjective, by Snake-Lemma we know that Hom(C, /3) is surjective. That 
is, Hom(C, 6') is exact. 

Step 4. V C € C, applying Hom(— ,C) to (*), we have the following commutative 
diagram with exact rows and columns: 



{E,C) 



(A,C): 
(5',C): 
{6,C): 



(y,C) {x,C) 

(L, c) (Li e C2, c) —-^ {V, c) 



{v',C) 



{Z,C) 



{7r,C) 



{a,C) 



{u',C) 



iX2,C) 



{9,C) 



iU,C) 



if,C) 



{Y,C) 

{u,C) 

{Xi,C)- 











(Note that the exactness of Hom(5, C) and Hom(?7, C) follows from assumptions; the ex- 
actness of Hom(H, C) follows from the exactness of Hom(ei,C); and the exactness of 
Hom(A, C) follows from Step 2). Applying Snake-Lemma to the right two columns we see 
that both Hom(ii',C) and Hom(a,C) are surjective. This completes the proof. ■ 

2.3. Proof of Theorem 12.11 Without losing of generality, we only prove ImdP € Q{C). 
For each i, decompose as X* 



Imd*^ 

1 ^\ 



2 r 



. We claim that there exists an 
• • • • with C* G C for all i > 1, such 



exact sequence C+ : — > luidP — > ^— > C 
that both Hom(C"'",C) and Hom(C,C"'") are exact. 

In fact, applying Lemma 12.31 to the exact sequence 
and the exact sequence we get the following 
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commutative diagram with exact rows 

^ lm(f — Imd^ ^ 

: ^ImrfO^Ci^^Li -0 

such that G C, is a monomorphism with Cokerf/;^ € ^(C), and that Hom(C,^i) and 
Hom(^i,C) are exact, and Hom(ti)^,C) is surjective. Now applying Lemma [2131 to the exact 
sequence — > Imd^ Irad? — > and the exact sequence — > Imd^ 

— > Cokertu^ — > 0, we get an exact sequence .^2 : — > Li — > C2 — > — > and 
monomorphism w'^ : Imd^ L^. Continuing this process and putting (,i,(,2,' ■ ■ together 
we finally obtain an exact sequence C+ with 7* = v^u^, i >1, such that Hom(C"^,C) and 
Hom(C,C"'") are exact (since Hom(^j,C) and Hom(C,.^j) are exact for all i > 1). 

Dually, there exists an exact sequence C~ : • • • — > — > — > Imd'^ — > with 
€ C for i <0 such that both Hom(C~, C) and Hom(C, C~) are exact (this can be done 
shortly by applying the above claim to the opposite category A°^). Now putting C~ and 
C"^ together, we obtain a complete C-resolution of Imd^, and this proves luid^ € G{C). ■ 

3. Proof of Theorem 11.11 

3.1. Applying Theorem 12.11 to the case A = A-mod and C = V{A), where A is an Artin 
algebra, we get the following 

Proposition 3.1. Let X* = {X*,d*) be an acyclic complex with X* € Q'P{A) for all i. If 
HomA(X*, A) is still acyclic, then Imd* S G'P{A) for all i. 

3.2. Let be a Gorenstein-projective generator, i.e., ii^ is a Gorenstein-projective A- 
module such that A G add-E. For convenience, denote Q{addE) by QV{E)^ i.e., 

gV{E) ={X e K-mod \ 3 an acyclic complex X' = {X*,d*) with all X' € addE 

such that ilom{X',E) and }loin{E, X') are again acyclic, and X = Imd'^}. 

By Proposition 3.1 we have 

Corollary 3.2. Let E be a Gorenstein-projective generator. Then QV{E) C QV{A). 

3.3. Recall the Yoneda philosophy. Given a A- module E, then the functor HomA(-E', — ) : 
A-mod — > F-mod induces an equivalence between add E and ViT), where F = (EndA E)°p. 
Also, for each E' G add E and each X € A-mod there is an isomorphism 

HomA(E', X) Homr(HomA(S,S')>HomA(E, X)) 

given by / ^ HomA(S,/), V / G HomA(^',X) (cf. [SRS], p.33). 

Now, if £^ is a generator (i.e., A G addi?), then we can say more. 
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Lemma 3.3. Let E be a generator of A-mod, and T = (EndE)"^. Then the functor 
HomA(-E', — ) : A-mod — > r-mod is fully faithful. 

Proof. Since £" is a generator, for any A-module X there is a surjective map E"^ X 
for some positive integer m. This implies that HomA(-E, — ) is faithful. Let X,Y £ A-mod, 
/ : HomA(-E',X) — > Iiom\{E,Y) be a L-map. By taking right add i?- approximations, 
we get exact sequences Ti Tq X — > and T[ Tq Y — > with 
ro,Ti,TQ,T{ € addii^ (note that since ii^ is a generator, it follows that vr and vr' are 
surjective). Applying HomA(-E', — ) we have the following diagram with exact rows 



HomfE.u) HomfE.Trl 

Hom(E,Ti) ^ Hom(£;,To) ^ Hom(^,X) 



I 

I /i I /o 

Y 



/ 



' nom{E,u') ' Hom(£;,7r'l 

Hom(^, T[) ^ Hom(^, T,^) ^ Hom(^, Y) 0. 

Since the two rows are respectively parts of projective resolutions of Hom(£^, X) and 
Hom(£J, y), / induces fi and /o such that the above diagram commutes. Thus /j = 
Hom(i?, fl) for some f[ G HomA(Tj,T/), z = 0, 1. So we get the following diagram 



Ti ^ Tn ^ X ^ 

T[ — U. Y 



with commutative left square. So there exists /' € HomA(A", y) such that the above dia- 
gram commutes. Thus / Hom(£', tt) = Hom(E, /') Hom(£^, vr) and hence / = Hom(£^, /'). 
This proves that Hom(ii^, — ) is full. ■ 

3.4. The following result shows that, after taking the opposite algebra of endomorphism 
algebra of a Gorenstein-projective generator, the category of the Gorenstein-projective 
modules can not be "enlarged". It is a main step for proving Theorem I l.li 



Theorem 3.4. Let E be a Gorenstein-projective generator, and T = (EndA -E)"*'. Then 
HomA(£', — ) induces an equivalence between QV{E) and QV{T). In particular, Q'P{T) is 
equivalent to a full subcategory ofQV{A). 

Proof. Let L € QV{E). By definition there exists an acyclic complex X' = {X* ,d*) with 
all X* € add-E such that l:iom.\{E , X*) and l:lom\{X',E) are acyclic, and L = Imd". 
Since Ylorax{X*,E) ^ Homr(HomA(-E, X'), F), it follows that Homr(HomA(£;, X'), L) 
is acyclic. Thus HomA(-E',X*) is a complete L-projective resolution of Im(HomA(-E', d'')). 
However, Since HomA(-E, X') is acyclic and E is a generator, it follows that Im(HomA(-E, d^)) 
= HomA(-E,Im(iO). That is, HomA(-E,L) € QV{T). 
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We claim that HomA(^, -) : gV{E) — > gV{r) is dense. Suppose Y G gV{r). Then 
there is a complete projective F-resolution P* : ■ ■ ■ — > ~ — > • • • such 

that Y ^ Imcf. Then there exists a complex E* : ■ ■ ■ — > E''^ E^ E^ ■ ■ ■ 
with all E^ € addii^ such that HomA(-£^, = P*- Since is a generator, for each i 
there is a surjective A-map vr : E' ^ Kere*+^ with E' G addS; while HomA(£^', 
is acyclic, so there is (7 € Hom(ii^',£^*) such that vr = e^g. Decomposing e* as the 
composition Ime* ^ Kere*"*"^, we see that the embedding Ime* ^ Kere*^^ is 

surjective. This proves that E' is also acyclic. Since Homr(-P*,r) = HomA(-E*,-E) 
and Homr(r,P*) = B.omA{E, E'), it follows that RomA{E',E) and HomA(£^,£^') are 
acyclic, and hence Ime* S QV{E) for all i. Since HomA(-E,-E*) is acyclic, Imd* = 
Im(HomA(£^,e*)) = HomA(£^, Im e*). Thus Y ^IrndP e Yiom.A{E,gV{E)). This proves 
the claim. 

By Lemma 13.31 HomA iE. — ) : A-mod — > F-mod is fully faithful. Thus HomA(-E, — ) : 
QV{E) — > gV{T) is an equivalence of categories. Since QV{E) C Q'P{h) by Corollary 
13. 2^ we see that GViV) is equivalent to a full subcategory of QV{h.). ■ 

Corollary 3.5. Let K he a CM-finite Artin algebra, E a Gorenstein-projective generator. 
Then T = (End^)"*' is also CM-finite. 

3.5. Now we can prove Theorem ll.il Instead we prove the following version of Theorem 
II. H which is more precise. We stress that the assertion (ii) is well-known. 

Theorem 3.6. Let A be a CM-finite algebra, Ei,...,En are all the pairwise non- 
isomorphic indecomposable Gorenstein-projective A-modules. PutE= ^ iJj and Aus( A) 

l<i<n 

= (EndE)°P. Then Aus(A) is CM-free. 

More precisely, put Q to be the set of GM-finite algebras, and Q the set of GM-free 
algebras. Then 

(i) The map Aus : Q — > is surjective, up to Morita equivalence. 

(ii) The map Aus sends GM-finite Gorenstein algebras to algebras of finite global 
dimension. 

(Hi) The map Aus sends CM-finite non- Gorenstein algebras to CM-free non- Gorenstein 
algebras. In particular, there does not exist a GM-free Gorenstein algebra of infinite global 
dimension. 

Proof. Write T = Aus(A). By definition we have ^P(A) = add£; C QViE). By 
Corollary [22] C gP(A). Thus QViE) = addE. By Theorem El we have 

gV(r) = RouiAiE, gV{E)) = HomA(^, add£;) = V{V). 

Thus r is CM-free. Note that the map Aus sends a CM-free algebra to itself up to Morita 
equivalence, and hence the assertion (i) follows. 
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Recall a well-known fact: for a CM-finite algebra A, A is Gorenstein if and only if F is 
of finite global dimension (this is a consequence of Main Theorem in [LZl]. See also [B3, 
Corollary 6.8(v)]). From this the assertion (ii) follows. 

By the fact stated above, Aus sends CM-finite non-Gorenstein algebra A to a CM-free 
algebra F of infinite global dimension. Note that F can not be Gorenstein: otherwise, by 
(ii) we see that F is of finite global dimension, since F is Morita equivalent to Aus(F). 
This proves (iii). ■ 

3.6. Let E he a Gorenstein-projective generator of A-mod. By Corollary 13.21 we have 
QV{E) C g-p{A); and by Theorem [33] if gr{E) = gV{K) then HomA(£;, -) induces an 
equivalence between QV{E) and ^'P(F), where F = (EndA-E')°^. So, we further discuss 
the condition QV{E) = QV{h), in the rest of this section. 

Denote by {E) the set of morphisms in A-mod factoring through add and by QV{E) /{E) 
the corresponding factor category. Note that the usual stable category QV{h.) = QV{A) / (A) 
is a triangulated category. The following fact shows that one may construct different tri- 
angulated structures, starting from QV{A). 

Proposition 3.7. Let E be a Gorenstein-projective generator of A-mod such that QV{E) = 
QV{A). Then QV{A)/{E) is a triangulated category. 

Proof. Put F = {End E)°P. By Theorem [331 we have equivalence gV{E) = gV{T) with 
restriction addE ^ V{T). Thus we get an equivalence gV{E)/{E) ^ gV{T)/{T) = gV{T) , 
from which and the assumption the assertion follows. ■ 

In order to describe when gV{E) = gV{A), we introduce the following 

Definition 3.8. Suppose E is a Gorenstein-projective generator. If the following two 
conditions are satisfied, then we call E a center of gV{A): 

(i) For each X € gV{A), there exists an exact sequence — )• X E' — ^ Y — > 
such that f is a left addE -approximation and g is a right addE -approximation. 

(ii) For each X G g'P{A), there exists an exact sequence — > Y E' — ^ X — > 
such that f is a left addE -approximation and g is a right addE -approximation. 

It is clear that in [ii) of Definition 13.81 we have Y € gV{A)] we stress that in [i) of 
Definition [3S] we also have Y G gV{A). 

We have the following description. 

Proposition 3.9. Suppose E is a Gorenstein-projective generator. Then gV{E) = gV{A) 
if and only if E is a center of gV{A). 
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Proof. "=>": For each X G QV{A) = QV{E), there exists an acydic complex X* = 
{X*,d*) with all X* G addE', such that Rom{X' , E) and Rom{E,X') are again acyclic, 
and X = Im dP. Thus the exact sequences — > X — > X^ — > ImS — > and 
— > Imd"^ — > X^ — > X — > satisfy the conditions in Definition I3.8[ 

"'4^": Given L = G Q'P{A), by induction on i, there exists exact sequences — > 
U A ^ and — > L~'~^ ^^^^ X~^ ^ L~' with 

L*, G QV{A), such that and are left add -E-approximations, and 

li*"*"^ and n~* are right addE"- approximations. Combining them we obtain a complete 
add -E-resolution of L. Together with Corollary 13.21 this proves QV{E) = QV{X). ■ 



3.7. The above discussion is of particular interest in the case that A is a self-injective 
algebra. In this case any A-module is Gorenstein-projective. 

Corollary 3.10. Let A he a self-injective algebra, E a generator. Then QV{E) = QV{A) 
if and only if DTr E © TrD E e&ME. 

Proof. By Proposition 13.91 we just prove that ii^ is a center of QV{A) if and only if 
DTrE;©TrDE; G addE. 

Suppose DTr E © TrD E G add E. Given X G gV{A) = A-mod, let — > X ^ E' 
Y — > be an exact sequence such that / is a left add E-approximation of X. Then 
HomA(/, DTr is epic. By Theorem 4.1 in |ARSj we see that }ioni\{E,g) is epic, i.e., 
3 is a right add E'-approximation of Y. So E satisfies the condition (i) of Definition 13.81 
Dually, E satisfies the condition (ii), and hence E is a center. 

Conversely, suppose ii^ is a center. Then there is an exact sequence — > DTri? — H> 
E' L — y such that i is a left add E-approximation of DTr E and vr is a right add E- 
approximation of L. However by Theorem 4.1 in [ARSj we know HomA(«, DTr i?) is epic 
since HomA(-E', vr) is epic. Hence i splits and DTrE G addE. Dually, TrDi? G addE. ■ 

Remark 3.11. (i) The condition DTr£'©TrDii' G addE means that the pairwise 
non-isomorphic indecomposable direct summands of E are exactly the modules in several 
DTr-obits of finite length. 

(ii) For a CM-finite algebra, the two conditions in Definition \3.8\ are in fact equivalent. 



4. Proof of Theorem 11.21 

4.1. First we fix some notations. 

Put K~ {A-mod) and D~{A) to be respectively the upper bounded homotopy category 
and the upper bounded derived category of A-mod. 

Put K~'^{V{A)) to be the homotopy category of the upper bounded complexes of pro- 
jective A-modules, with only finitely many non-zero cohomology groups. Then there is a 
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canonical triangle-equivalence D^{A) = K '^('P(A)); and A is of finite global dimension if 
and only if there is a canonical triangle-equivalence D^{A) = K^[V{h)). 

Put K~{QV{K)) to be the upper bounded homotopy category of QV{k), and K'^{QV{k)) 
the bounded homotopy category of QV{K). Denote by K^''^'^{QV{K)) the homotopy cate- 
gory of the bounded acyclic complexes of Gorenstein-projective A-modules. 

Following 3.3 in |GZj . we define the following triangulated subcategory of K~ {QV{K)): 
K~^3^^{gV{K)) = { G* € K~{QV{K)) \ there exists a positive integer N such that 
i?"" HomA(G, G') = 0, V n > iV, V G G gV{K)}. 

Clearly, K~'Spb(^g-p(^j^^^ the Gorenstein version of K~'''{'P{A)), and for any X' G 
i;C-'9P''(a7'(A)), it holds = forn << 0. 

4.2. To prove Theorem II. 2^ we need some preparations. 

Lemma 4.1. Let G* be an acyclic complex in K-'9P''{gV{K)). Then G* G K^^'^'igViK)). 

Proof. Write G' = {G*,d*). Since g'P{A) is closed under kernel of epimorphisms, 
Imd* G gT'{A), V i G Z. By definition there exists a positive integer such that 
i/""Hom(G,G') = 0, y n > N, y G £ gV{A). Thus splits for n > N, and 

hence G' G K^^^^gVik)). ■ 

The following observation will play an important role in our argument. 

Lemma 4.2. Let K he a CM-finite algebra. Then 

(i) For each P* G K~''^{V{A)), there exists a quasi-isomorphism P' — > G' with 
G* G i^-'^'P^(a7'(A)). 

{ii) For morphisms f' : P' — > G' with P' G ^-'''(^(A)) andG' G L<:-'3P''{gV{A)), 1 < 
i < m, there exists a quasi-isomorphism g* : P* — > G* and chain maps h* : G* — > G* 
with G* G L<-'9P\gV{A)), such that /' = h'g', l<i<m. 

Proof, (i) Write P' = {P*,d*). Let A^ be a positive integer such that H~^P' = for 
n > N. By taking right ^'P(A)-approximations (this can be done since A is CM-finite), we 
get an exact sequence • • • — > G~^~^ — y G~^~^ — > Kerd"^ — > 0. Combing this with 
— > Kerd"^ — > P'^ — > p-N+i — ^ . . . , we get a complex G' : • • • — > G'^'^ — > 
^-N-i _^ p-N _^ p-N+1 — ^ . . . K-'9P^{gV{A)) with i7-"Hom(G,G') = 0,V ?i > 
N, M G £ gV{A). It is clear that there exists an induced quasi-isomorphism 

p« _ ... ^ p~N-2 ^ p~N-l ^ p~N ^ p-iV+1 ^ . . . 

I I I 

I I I 

y Y Y 

Q* — ... ^ Q-N~2 ^ Q-N-l ^ p-N ^ p-N+1 ^ . . . 
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(ii) Let TV be a positive integer such that Hom(G, G*) = = R-'^P', V n > 
N, y G QV{A), 1 < i < m. By the proof of (i) we have the following quasi-isomorphism 

^ p-iV-2 ^ p~N~l ^ p~N ^ p~N+l ^ . . . 



G 



G 



P 



P 



with G' G K-'9P''{gV{A)). Since for each i we have R-"- Hom(G, G') = 0, V n > iV, V G G 
^'P(A), by applying Hom(G~^~^, — ), Hom(G~^~^, — ), • • • to G" we obtain the following 
chain map h*: 



G* = 

I 

\h- 

Y 

G! = 



Q-N~2 _ 
I 

Y 

Gr^-2 _ 



Q-N-l 

I 



-N 



p-N+1 



G 



G,r^- 



Q~N+1 



It is easy to see that /* — h*g* are null homotopy, 1 < i < m (we omit the details). ■ 

4.3. Consider functor p : K~'^P^{QV{A)) — > D^{A), which is the composition of the 
natural embedding K~'3f^{Q'P{A)) ^ K~ (A-mod) and the standard localization functor 
Q : K-{A-mod) — > D~{A) = K~{A-mod)/K-''"'{A-mod), where K-''^'=(A-mod) is the 
homotopy category of the upper bounded acyclic complexes of A-modules. 

Since K'''°-'^{QV{A)) is a triangulated subcategory of K~'3P^{gV{A)), we have the Verdier 
quotient K~'3p^{Q'P{A)) /K^'°-'^{Q'P{A)), where the corresponding compatible multiphca- 
tive system consists of the quasi-isomorphisms in K~'3P^{gV{A)) with mapping cones 
being bounded. Since p{K^'°''^{gV{A))) = 0, it follows that p induces an exact functor 
p : K"^9P\gV{A))/K^^''^{gV{A)) — > D~{A). 

If A is CM-finite, then by Lemma IMl^i) we have Imp = D''{A) ^ K~^''{'P{A)). So we 
get an exact functor from K-'3P^{gV{A)) / K^^''''{gV{A)) to D^{A), again denoted by p. 

The following proposition is a key step in proving Theorem 11.21 
Proposition 4.3. Let A he a CM-finite algebra. Then the functor 

p : K-'SP''{gV{A))/K'''''^{gV{A)) D\A) 
defined above is a triangle-equivalence. 

Proof. It remains to prove that p : K-'SP\gv{A))/K''''"'{gV{A)) — > D^{A) is fully 
faithful. Suppose G' G R- ^f>P^ {gv {A)) and p(G') = 0. Then G* is acychc. By Lemma 
14.11 we have G* G R^'°''^{gV{A)). That is p maps non-zero objects to non-zero objects. It 
is well-known that if an exact functor which sends non-zero objects to non-zero objects is 
full, then it is faithful. So, it suffices to prove that p is full. 

Let Gl,Gl G R-^3Ph(^gV{A)). Let G Hom^-(A)(p(G^), p(G^)) = Hom^-(^)(G^ G^), 
where s' : X* =^ G* is a quasi-isomorphism with X* G i^~(A-mod), and a* : X* — > G* 
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is a morphism in K (A-mod). Then there exists a quasi- isomorphism t' : P' — > X' 
with P* G A'~('P(A)), the upper bounded homotopy category of V{A). Since s* and t* 
are quasi-isomorphisms and G K' ^3P^ {QV {k)) , it follows that P' G K-^^{V{k)). 
Thus we have the following commutative diagram 




Gl ^= P' ^ G*2. 

By Lemma 14.21 {ii) we have the following commutative diagram 

<t'f' ry'f 

G* P* - G' 




where G* ^ K '3p^{QV{X)), and g* : P* — > G* is a quasi-isomorphism. Note that 
I* is also a quasi-isomorphism, and hence the mapping cone con(/*) is acyclic. Since 
K-'9Pb(gr(A)) is a triangulated subcategory of K-{A-mod) ([GZ], 3.3), it follows that 
con(r) G K-'9P''{gT'{A)). By Lemma Owe have con(/') G /^^'"^(^^'(A)). This proves 
that |r G Hom^-,9pb(gp(A))/j^6,ac(g-p(A))(G', G*) and that = ^ = p(^). This com- 
pletes the proof. ■ 

Remark 4.4. (?) From the proof we see that, the above assertion holds for an arbitrary 
algebra A such that QV{X) is contravariantly finite (i.e., each A-module has a right QV{X)- 
approximation, cf. [AR]). 

(ii) With the same argument, we can prove that there is a triangle- equivalence 

for any Artin algebra (not necessarily CM-finite), where K~'^{QV{A)) denotes the homo- 
topy category of the upper bounded complexes of Gorenstein-projective A-modules, with 
only finitely many non-zero cohomology groups. 

4.4. We need the following well-known fact. 

Lemma 4.5. {[V], Corollary 4-3) Suppose T>i and 1^2 are triangulated subcategories of 
triangulated category C, and Vi is a subcategory of T>2. Then T>2/T>i is a triangulated 
subcategory ofC/Di, and there is a triangle- equivalence {C/'Di)/{T>2/T^i) — C/T^2- 



Denote by {QV{X)) the triangulated subcategory of D {A) generated by QV{k), i.e., 
the smallest triangulated subcategory of D^{A) containing QV{k). 
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Corollary 4.6. Let A be a CM-finite algebra. Then the triangle- equivalence in Proposi- 
tion\AM p ■■ K->9P^{gV{k))/K^^'"'{QV{k)) — > D^{J\.) induces a triangle- equivalence 

K\gv{K))/K^^'"'{gv{K)) {gr{A)). 

Proof. By Lemma we have K^{gV{A))/ K'^'"''^{QViA)) is a triangulated subcategory 
of i^-'5P*(^:P(A))/E:'''"'=(gP(A)). Thus p{K\gV{A))/K''^''^{gV{A))) is a triangulated 
subcategory of D^{A). Obviously, it is generated by gV{A). ■ 

Proposition 4.7. Let A be a CM-finite algebra. Then there is a triangle- equivalence 

D\A)/{griA))^Dl,^^,{A). 

Proof. By Buchweitz Theorem ([Buch], Theorem 4.4.1), there is an exact embedding 

F : gV{A) ^ D'',,{A), given by F{G) = G (1) 

where the second G is the stalk complex of Gorenstein-projective module G at degree 0. 

On other hand, by Lemma |45] we know that {gV{A)) / K^{V{A)) is a triangulated 
subcategory of D\g{A) = {A) / {V {A)) and there is a triangle-equivalence 

D\A)/{gV{A)) - {D\A)/K\V{A)))/{{gV{A))/K\V{A))). (2) 

Now we claim 

lmF={gV{A))/K\V{A))- (3) 

In fact, by Corollary 14.61 in D^{A) the objects of {gV{A)) are isomorphic to bounded com- 
plexes with terms in g'P{A). Note that (1) implies that in D^^(A) the bounded complexes 
with terms in gV^A) are isomorphic to stalk complexes at degree of the modules in 
gV{A). Therefore, in -D^g(A) the objects of {gv (A)) / K'' {V {A)) are isomorphic to stalk 
complexes at degree of the modules in gV{A), and hence {gV{A)) / K^{V{A)) C ImF. 
On the other hand, it is clear ImF C {gV{A)) / K^{V{A)). This proves the claim. 
Thus we have 

by (2) 

D\A)/{gV{A)) ^ {D\A)/K\V{A)))/{{gV{A))/K\V{A))) 
''^'^ D%{A)/ImF = Dl,^,,{A). 

This completes the proof. ■ 

4.5. Proof of Theorem D By LemmaiSl K^{g'P{A)) / K^'''''{gV{A)) is a triangulated 
subcategory of K~'^P^{gV{A)) / K^'"''^{gV{A)), and there is a triangle-equivalence 

i^->3pf'(gp(A)) /K\gV{A)) 

^ {K-'aP\gV{A))/K^'^^{gV{A)))/{K\gV{A))/K'''''^{gV{A))). (4) 
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By CorollarylMl 'p (K'' (GV (A)) / K^'^'^GV (A))) = {QV{A)). It follows from Propositions 
14.31 and 14.71 that we have the following triangle-equivalences 

{K-'3P\GV[A))/K^'''''{GV{A)))/{K\gV{A))/K^^'''{gV{A))) 

- D\A)/-p iK\GV{A))/K'''^'^iGViA))) - D\A)/{Gr{A)) - I)Lcct(A). 

Together with (4) we get a triangle-equivalence 

Z)Lfc,,(A) - K-'aP\GViA))/K\GV{A)). (5) 

On the other hand, by the equivalence ■p(AUS(A)) = GViA) of additive categories we 
get the following triangle-equivalences 

Dlg{AUS{A)) = L>^(AUS(A))/K^(7'(AUS(A))) 

^ K-^\V{A\JS{A)))/K\V{AUS{A)) 
^ K-'3P\GViA))/K^{GViA)). 

Together with (5) we have triangle-equivalence -D^efect(A) — ^sgi-^^^W)- This com- 
pletes the proof. ■ 

4.6. Final Remark. For an arbitrary algebra A such that GV^A) is contravariantly 
finite, by Remark 4.4(i) and by the similar argument we have a triangle-equivalence 

Z)Lfc,,(A) - K-'^P''{GV{A))/K\GV{A)). 

In fact, we have the following more general result: 

Theorem 4.8. Suppose A and A' are two Artin algebras such that GV{A) = GV{A') as 
additive categories. IfGV{A) is contravariantly finite, then there is an triangle- equivalence 

K~'3P\GViA'))/K'''''%GriA')) D\A'). 

Thus we have triangle- equivalences 

Dlf^^,{A) - K-'aP\GnA))/K\GViA)) - Dlf^^,{A'). 

In particular, A is Gorenstein if and only if A' is Gorenstein. 

Proof. Note that if A is Gorenstein then GT'{A) is contravariantly finite. So the last 
assertion follows. 

We only prove that A' satisfies the conclusions (i) and {ii) in Lemma 14.21 (all other 
arguments are same as the ones for Theorem II. 2p . Suppose we have an equivalence F : 
GV{A) — > G'P{A') of categories, with quasi-inverse F~^. 

Let P* = {P*,d*) G K-'^(V{A')) with H'^'P' = for some integer N and each n>N. 
Consider the complex 

■ F-\p~^~^) Ill^E^ F-\p-^-^) izl^^rHzX F-HP-^) ^ . . . . 
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Since QViA) is contravariantly finite, by taking right ^■p(A)-approximations we get the 
following complex 

G- : . . . ^ F^\P^^~') IZli^^ F-\P-^) ^ • • • 

By construction we have HomA(G, G*) = for G € t/P(A) and n > iV + 1. Since F : 
QV{A) — 7- QV{A') is an equivalence, we have the complex isomorphism HomA(G, G*) = 
HomA'(i^(G),F(G*)) for G G GV{A). It follows that i^"" HomA/(G', F(G*)) = for 
G' G QV{A') and n> N + 1. The rest of the proof is same as the one for Lemma [4. 21 and 
we omit the details. ■ 
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